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1. Introduction
Let p be a prime and q = pn , where n is a positive integer. Let k | q − 1 and let ω ∈ F∗q be an
element of order k. We shall deﬁne ω∞ = 0 and 00 = 0. Let f∞, f0, . . . , fk−1 ∈ Fq[x] and let θ : Fq →
{ωi: i = ∞,0, . . . ,k − 1}. Deﬁne
F (x) = f∞(x)
(
1− θ(x)q−1)+ 1
k
k−1∑
i=0
[
ω−0i f0(x) + · · · +ω−(k−1)i fk−1(x)
]
θ(x)i, x ∈ Fq. (1.1)
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F (x) = f i(x) if θ(x) = ωi, i ∈ {∞,0, . . . ,k − 1}. (1.2)
We shall call the functions f i , i = ∞,0, . . . ,k − 1, the case functions of F and the function θ the
selection function of F . We have
Proposition 1.1. The function in (1.1) is a permutation of Fq if and only if
(i) f i is 1–1 on θ−1(ωi) for each i ∈ {∞,0, . . . ,k − 1}, and
(ii) f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅ for all i, j ∈ {∞,0, . . . ,k − 1}, i = j.
The idea of constructing permutation polynomials (PPs) of ﬁnite ﬁelds piecewise is not new; it has
appeared in literature, at least implicitly. PPs of the form xm+1 + ax, where m | q− 1, were considered
in [4–6,11,12]. (In the notation of (1.1), one has k = q−1m , θ(x) = xm , f∞(x) = 0, f i(x) = (a + ωi)x,
0  i  k − 1.) PPs of the forms xp−1−s + ax(p−1−2s)/2 and xp−s + ax(p−s+1)/2 + bx were studied in
[2,3,7,8]. (In the notation of (1.1), q = p, k = 2 and θ(x) = x p−12 .)
Several recent articles on permutation polynomials suggest that the piecewise approach has more
to offer. In [10], it was shown that the reversed Dickson polynomial D3n+5(1, x) = (1− y − y2)y 3
n+1
2 −
1 − y + y2, where y = 1 − x, is a PP over F3n for even n. This particular PP was generalized by
Zha and Hu in [15] in a formulation similar to (1.1). Also presented in [15] were several families
of PPs of the form (xp
l − x + δ)s + L(x), where L is a linearized polynomial; PPs of this form had
been explored by different authors in several previous papers [9,13,16]. In [1,14], new PPs were con-
structed through certain commutative diagrams. Such PPs can also be viewed as piecewise functions
(see [1, Lemma 1.1] or [14, Lemma 2.4]) although they are not necessarily of the form (1.1).
Returning to Proposition 1.1, the challenge is to choose simple functions θ and f i (i = ∞,0, . . . ,
k − 1) such that conditions (i) and (ii) are satisﬁed. The next proposition provides a way to check
condition (ii) when θ is related to f i .
Proposition 1.2. Let i, j ∈ {∞,0, . . . ,k− 1}, i = j. Assume that there exist functions hi and h j from Fq to Fq
such that the following two conditions hold.
(i) [(hi ◦ f i)(x)] 1k (q−1) = θ(x) if θ(x) = ωi ; [(h j ◦ f j)(x)] 1k (q−1) = θ(x) if θ(x) = ω j .
(ii) If b ∈ f i(θ−1(ωi)) ∩ f j(θ−1(ω j)), then (hi(b) 1k (q−1),h j(b) 1k (q−1)) = (ωi,ω j).
Then fi(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅.
Proof. Assume to the contrary that there exists b ∈ f i(θ−1(ωi))∩ f j(θ−1(ω j)). Then b = f i(x) = f j(y)
for some x ∈ θ−1(ωi) and y ∈ θ−1(ω j). By (i), hi(b) 1k (q−1) = [(hi ◦ f i)(x)] 1k (q−1) = ωi . In the same way,
h j(b)
1
k (q−1) = ω j . So we have a contradiction. 
We will construct several families of PPs of the form (1.1) by choosing the selection function θ to
be θ(x) = (L(x) + δ) 1k (q−1) , where L(x) is a linearized polynomial, or θ(x) = x 1k (q−1) . The PPs obtained
in this paper unify and generalize several existing results, mostly from [15].
2. PPs with θ(x) = (L(x) + δ) 1k (q−1)
Theorem2.1. Let k | q−1 and letω ∈ F∗q be an element of order k. Let Fr ⊂ Fq and σ0, . . . , σk−1 ∈ Aut(Fq/Fr)
such that σi(ωi), 0 i  k− 1, are all distinct. Let L and g be r-linearized polynomials over Fr with L(1) = 0,
g(1) = 1 and g a PP of Fq. Let δ∞, δ0, . . . , δk−1, δ ∈ Fr . Then
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+ 1
k
k−1∑
i=0
[
ω−0i
(
σ0(x) + δ0
)+ · · · +ω−(k−1)i(σk−1(x) + δk−1)](L(x) + δ) ik (q−1),
is a PP of Fq.
Proof. Let θ(x) = (L(x) + δ) 1k (q−1) , f∞(x) = g(x) + δ∞ , f i(x) = σi(x) + δi , 0  i  k − 1. We use
Proposition 1.2 to show that f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅ for all i, j ∈ {∞,0, . . . ,k − 1}, i = j. Let
h∞(x) = g−1(L(x)) + δ and hi(x) = σ−1i (L(x)) + δ, x ∈ Fq . Then
(h∞ ◦ f∞)(x) = g−1
(
L
(
g(x) + δ∞
))+ δ = L(x) + δ.
(Note that L(δ∞) = 0 and L ◦ g = g ◦ L.) In the same way, (hi ◦ f i)(x) = L(x) + δ, 0 i  k − 1. Thus
[
(hi ◦ f i)(x)
] 1
k (q−1) = (L(x) + δ) 1k (q−1) = θ(x), i ∈ {∞,0, . . . ,k − 1}.
Let b ∈ Fq . For 0 i  k − 1 we have
hi(b)
1
k (q−1) = [σ−1i (L(b))+ δ]
1
k (q−1) = [σ−1i (L(b) + δ)]
1
k (q−1)
= σ−1i
((
L(b) + δ) 1k (q−1))= σ−1i (θ(b)).
(Note that σ−1i (δ) = δ.) Since g−1(δ) = δ, we also have
h∞(b) = g−1
(
L(b)
)+ δ = g−1(L(b) + δ).
Now for i, j ∈ {0, . . . ,k − 1}, i = j, we have
(
hi(b)
1
k (q−1),h j(b)
1
k (q−1))= (σ−1i (θ(b)), σ−1j (θ(b))) = (ωi,ω j)
since σi(ωi) = σ j(ω j). Also,
(
h∞(b)
1
k (q−1),hi(b)
1
k (q−1))= ((g−1(L(b) + δ)) 1k (q−1), σ−1i (θ(b))) = (0,ωi)
since g−1(L(b) + δ) = 0 implies L(b) + δ = 0, which implies θ(b) = 0. By Proposition 1.2, we have
f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅ for all i, j ∈ {∞,0, . . . ,k − 1}, i = j. 
Remark 2.2. In Theorem 2.1, δ ∈ Fr can be replaced with an arbitrary function from Fq to Fr . Also,
each σi can be replaced with σi + βi , where βi : Fq → kerFq L is any function such that σi + βi is a PP
of Fq .
Remark 2.3. In Theorem 2.1, if we drop the assumption that σi(ωi), 0  i  k − 1, are all distinct,
and maintain others, then we can describe a necessary and suﬃcient condition on σ0, . . . , σk−1 for
F to be a PP of Fq . It is clear that F is a PP of Fq if and only if f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅ for
all i, j ∈ {∞,0, . . . ,k − 1} with i = j. From the proof of Theorem 2.1, we always have f∞(θ−1(0)) ∩
f j(θ−1(ω j)) = ∅ for j ∈ {0, . . . ,k− 1}. For 0 i < j  k− 1, f i(θ−1(ωi))∩ f j(θ−1(ω j)) = ∅ if and only
if the following system has a solution (x, y) ∈ Fq × Fq:
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⎪⎪⎩
(
L(x) + δ) 1k (q−1) = ωi,
(
L(y) + δ) 1k (q−1) = ω j,
σi(x) + δi = σ j(y) + δ j.
(2.1)
Apply σi to the ﬁrst equation of (2.1) and σ j to the second. We see that (2.1) is equivalent to
⎧⎪⎪⎨
⎪⎪⎩
(
L(u) + δ) 1k (q−1) = σi(ωi),(
L(v) + δ) 1k (q−1) = σ j(ω j),
u + δi = v + δ j,
(2.2)
where u = σi(x), v = σ j(y). The third equation of (2.2) implies that L(u) = L(v). Therefore, (2.2) has
a solution (u, v) ∈ Fq × Fq if and only if σi(ωi) = σ j(ω j) and (L(Fq) + δ) ∩ (σi(γ i) · 〈γ k〉) = ∅, where
γ is a primitive element of Fq such that ω = γ 1k (q−1) . We conclude that F is a PP of Fq if and only if
for each pair of distinct integers i, j ∈ {0, . . . ,k − 1}, either σi(ωi) = σ j(ω j) or (L(Fq) + δ) ∩ (σi(γ i) ·
〈γ k〉) = ∅.
The construction in Theorem 2.1 calls for a sequence σ0, . . . , σk−1 ∈ Aut(Fq/Fr) such that σi(ωi),
0 i  k − 1, are all distinct. All such sequences can be determined by the following method: Write
q = rm , and let σ ∈ Aut(Fq/Fr) be given by σ(x) = xr .
1. Partition {0,1, . . . ,k − 1} into r-cyclotomic classes modulo k.
2. For each r-cyclotomic class [i] = {ir0, ir1, . . . , irs−1}, choose any permutation β of {0,1, . . . , s−1},
choose e j ∈ Zm , 0 j  s − 1, such that e j ≡ β( j) − j (mod s), and choose
σir j = σ e j , 0 j  s − 1.
Note that σir j (ω
ir j ) = ωir j ·re j = ωir j+e j , where j + e j , 0 j  s− 1, is a permutation of 0,1, . . . , s− 1.
Theorem 2.1 allows several variations.
Theorem 2.4. Let k | q − 1 and let ω ∈ F∗q be an element of order k. Let Fr ⊂ Fq, σ0, . . . , σk−1 ∈ Aut(Fq/Fr),
L an r-linearized polynomial over Fr , and
F (x) = 1
k
k−1∑
i=0
[
ω−0iσ0(x) + · · · +ω−(k−1)iσk−1(x)
]
L(x)
i
k (q−1).
Then F is a PP of Fq if and only if L is a PP of Fq and σi(ωi), 0 i  k − 1, are all distinct.
Proof. (⇐) Let θ(x) = L(x) 1k (q−1) , f∞(x) = 0 and f i(x) = σi(x), 0  i  k − 1. Note that θ−1(0) = 0.
One only has to verify f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅ for 0  i < j  k − 1, which follows from the
proof of Theorem 2.1.
(⇒) Since F has only one root in Fq , L must be a PP of Fq . Assume to the contrary that σi(ωi) =
σ j(ω
j) for some 0 i < j  k − 1. Let γ be a primitive element of Fq such that ω = γ 1k (q−1) . Then
(
σi(γ
i)
σ (γ j)
) q−1
k = σi(ω
i)
σ (ω j)
= 1.j j
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i)
σ j(γ j)
= σi(γ l)k for some l ∈ Z. Thus σi(γ i−lk) = σ j(γ j). Let x = L−1(γ i−lk) and
y = L−1(γ j). Then θ(x) = L(L−1(γ i−lk)) 1k (q−1) = ωi and θ(y) = L(L−1(γ j)) 1k (q−1) = ω j . We have
F (x) = σi(x) = L−1
(
σi
(
γ i−lk
))= L−1(σ j(γ j))= σ j(y) = F (y),
which is a contradiction. 
Theorem 2.5. Let k | q − 1 and let ω ∈ F∗q be an element of order k. Let Fr ⊂ Fq and σ0, . . . , σk−1 ∈
Aut(Fq/Fr) such that σi(ωi), 0 i  k − 1, are all distinct. Let L be an r-linearized polynomial over Fr and
let δ0, . . . , δk−1 ∈ Fq and δ ∈ Fq \ L(Fq) such that L(δi) − σi(δ), 0 i  k − 1, are all equal. Then
F (x) = 1
k
k−1∑
i=0
[
ω−0i
(
σ0(x) + δ0
)+ · · · +ω−(k−1)i(σk−1(x) + δk−1)](L(x) + δ) ik (q−1)
is a PP of Fq.
Proof. Let θ(x) = (L(x) + δ) 1k (q−1) and f i(x) = σi(x) + δi , 0  i  k − 1. It suﬃces to show that
f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅ for 0 i < j  k − 1.
Let hi(x) = σ−1i (L(x− δi)) + δ, 0 i  k − 1. Then
[
(hi ◦ f i)(x)
] 1
k (q−1) = [(σ−1i ◦ L ◦ σi)(x) + δ]
1
k (q−1) = [L(x) + δ] 1k (q−1) = θ(x).
For each b ∈ Fq we have
hi(b) = σ−1i
(
L(b − δi)
)+ δ = σ−1i (L(b) − L(δi) + σi(δ))= σ−1i (c),
where c = L(b) − L(δi) + σi(δ) is independent of i. So for 0 i < j  k − 1,
(
hi(b)
1
k (q−1),h j(b)
1
k (q−1))= (σ−1i (c 1k (q−1)),σ−1j (c 1k (q−1))) = (ωi,ω j)
since σi(ωi) = σ j(ω j). By Proposition 1.2, f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅. 
Given σ0, . . . , σk−1 ∈ Aut(Fq/Fr) and an r-linearized polynomial L over Fr , the construction in
Theorem 2.5 calls for solutions (δ0, . . . , δk−1, δ) ∈ Fkq × (Fq \ L(Fq)) of the system
L(δi) − σi(δ) = L(δ0) − σ0(δ), 1 i  k − 1. (2.3)
Let xi = δi − δ0, 1 i  k − 1, and xk = σ0(δ). Then (2.3) becomes
L(xi) = σiσ−10 (xk) − xk, 1 i  k − 1, (2.4)
and we seek its solutions (x1, . . . , xk−1, xk) ∈ Fk−1q × (Fq \ L(Fq)). Write q = rm , and let σ ∈ Aut(Fq/Fr)
be given by σ(x) = xr . Write σiσ−10 = σ ei , 1  i  k − 1, and L = f (σ ), where f = a0 + · · · +
am−1xm−1 ∈ Fr[x]. Then (2.4) becomes
f (σ )(xi) =
(
σ ei − σ 0)(xk), 1 i  k − 1. (2.5)
All solutions (x1, . . . , xk−1, xk) ∈ Fk−1q × (Fq \ L(Fq)) of (2.5) can be generated by the following method:
Let  ∈ Fq such that σ 0(), . . . , σm−1() is a normal basis of Fq over Fr .
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all 1 i  k − 1. (If such g does not exist, (2.5) has no solution (x1, . . . , xk−1, xk) ∈ Fk−1q × (Fq \
L(Fq)).) Set
xk = g(σ )().
2. Write gcd( f , xm − 1) ≡ u f (mod xm − 1), u ∈ Fr[x], and let
hi = u · (x
ei − 1)g
( f , xm − 1) , 1 i  k − 1.
Set
xi = hi(), 1 i  k − 1.
Remark.
(i) In Theorem 2.5, let q be odd, k = 2, σ a generator of Aut(Fq/Fr), L(x) = σ(x) − x, δ ∈ Fq with
TrFq/Fr (δ) = 0, σ0 = σ , δ0 = δ2 , σ1 = id, δ1 = − δ2 . Then F (x) = 12 [(σ (x) − x+ δ)
1
2 (q+1) + σ(x) + x],
which is the PP in [15, Theorem 1].
(ii) In Theorem 2.1 and Remark 2.2, let q = 33l , r = 3l , k = 2, σ a generator of Aut(Fq/Fr), L = σ − id,
δ ∈ Fr , g = id, δ∞ = 0, σ0 = σ , β0(x) = 0, δ0 = δ, σ1 = σ 2, β1(x) = −TrFq/Fr (x), δ1 = −δ. (Note that
σ1 + β1 = σ 2 − TrFq/Fr is a PP of Fq and L ◦ β1 = 0 on Fq .) Then F (x) = (σ (x) − x+ δ)
1
2 (q+1) + x
is a PP of Fq .
Let g = σ , δ∞ = 0, σ0 = σ 2, β0(x) = −TrFq/Fr (x), δ0 = δ, σ1 = id, β1(x) = 0, δ1 = −δ. Then F (x) =
(σ (x) − x+ δ) 12 (q+1) + σ(x) is a PP of Fq .
Let g = σ 2, δ∞ = 0, σ0 = id, β0(x) = TrFq/Fr (x), δ0 = δ, σ1 = σ , β1(x) = TrFq/Fr (x), δ1 = −δ. Then
F (x) = (σ (x) − x+ δ) 12 (q+1) + σ 2(x) is a PP of Fq .
These are the PPs in [15, Theorem 2].
3. PPs with θ(x) = x 1k (q−1)
Theorem 3.1. Let k | q − 1 and let ω ∈ F∗q be an element of order k. Let
F (x) = 1
k
k−1∑
i=0
[
ω−0i xa0 + · · · +ω−(k−1)ixak−1]x ik (q−1), (3.1)
where a0, . . . ,ak−1 ∈ Zq−1 . Then F is a PP of Fq if and only if gcd(ai, 1k (q − 1)) = 1 for all 0 i  k − 1 and
iai , 0 i  k − 1, are all distinct in Zk.
Proof. (⇐) Let θ(x) = x 1k (q−1) , f∞ = 0, and f i(x) = xai , 0 i  k − 1.
First we show that f i is 1–1 on θ−1(ωi). Let x1, x2 ∈ θ−1(ωi) such that f i(x1) = f i(x2). Then
(
x1
x2
)ai = 1. Also,
(
x1
x2
) 1
k (q−1) = x
1
k (q−1)
1
x
1
k (q−1)
2
= ω
i
ωi
= 1.
Since gcd(ai,
1
k (q − 1)) = 1, we have x1x = 1.2
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that there exists b ∈ f i(θ−1(ωi)) ∩ f j(θ−1(ω j)). Then b = f i(x) = f j(y) for some x ∈ θ−1(ωi) and
y ∈ θ−1(ω j). We have
b
q−1
k = (xai ) q−1k = (x q−1k )ai = ωiai .
In the same way b
q−1
k = ω ja j . Thus iai = ja j in Zk , which is a contradiction.
(⇒) First assume that gcd(ai, 1k (q−1)) = l > 1 for some 0 i  k−1. Let  ∈ F∗q such that o() = l.
Then for any x ∈ θ−1(ωi), we have x ∈ θ−1(ωi) and (x)ai = xai . Thus F (x) = F (x), where x = x,
which is a contradiction.
Next assume that iai = ja j in Zk for some 0 i < j  k − 1. Let γ be a primitive element of Fq
such that ω = γ 1k (q−1) . Then γ i ∈ θ−1(ωi), γ j ∈ θ−1(ω j), and (γ i)ai = (γ j)a j . Hence F (γ i) = F (γ j),
which is a contradiction. 
For k | q − 1, let Aq,k denote the set of all sequences (a0, . . . ,ak−1) ∈ Zkq−1 such that gcd(ai,
1
k (q − 1)) = 1 for all 0  i  k − 1, and iai , 0  i  k − 1, are all distinct in Zk . For each d | k, let
πd : Zq−1 → Zk/d be the canonical homomorphism. Each element of Aq,k is generated exactly once
through the following steps.
1. For each d | k, choose a permutation τd of Z∗k/d .
2. For each 0 i  k − 1, let
αi =
(
i
(i,k)
)−1
τ(i,k)
(
i
(i,k)
)
∈ Z∗k/(i,k).
(Note that in Zk , iαi = (i,k)τ(i,k)( i(i,k) ), 0 i  k − 1, which are all distinct.)
3. For each 0 i  k − 1, choose ai ∈ π−1(i,k)(αi) such that gcd(ai, q−1k ) = 1.
The number of choices in Step 1 is
∏
d|k φ( kd )! =
∏
d|k φ(d)!. Counting the number of choices in
Step 3 requires some effort.
For positive integers m | n deﬁne
h(m,n) = ∣∣{x ∈ Z n
m
: gcd(1+mx,n) = 1}∣∣.
This function can be explicitly determined in terms of the prime factorizations of m and n.
Lemma 3.2. Let n = pe11 · · · pess , m = p f11 · · · p fss , where p1, . . . , ps are distinct primes and ei > 0, 0 f i  ei .
Without loss of generality, assume f1 = · · · = ft = 0, ft+1, . . . , f s > 0. Then
h(m,n) = n
m
(
1− 1
p1
)
· · ·
(
1− 1
pt
)
.
Proof. For 1 i1 < · · · < il  t , we have
∣∣{x ∈ Z n
m
: 1+mx ≡ 0 (mod pi1 · · · pil )
}∣∣= n
m
· 1
p · · · p .i1 il
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h(m,n) = n
m
t∑
l=0
(−1)l
∑
1i1<···<ilt
1
pi1 · · · pil
= n
m
(
1− 1
p1
)
· · ·
(
1− 1
pt
)
. 
It is quite clear that for any two positive integers m and n and α ∈ Z∗n ,
∣∣{x ∈ Z n
(m,n)
: gcd(α +mx,n) = 1}∣∣= h((m,n),n).
Using this notation, we see that in the above Step 3, for each 0 i  k− 1, the number of choices for
ai is
∣∣∣∣
{
x ∈ Z 1
k (q−1)(i,k): gcd
(
αi + k
(i,k)
x,
q − 1
k
)
= 1
}∣∣∣∣
=
∣∣∣∣
{
x ∈ Z q−1
k /(
k
(i,k) ,
q−1
k )
: gcd
(
αi + k
(i,k)
x,
q − 1
k
)
= 1
}∣∣∣∣(i,k)
(
k
(i,k)
,
q − 1
k
)
=
(
k,
q − 1
k
(i,k)
)
h
((
k
(i,k)
,
q − 1
k
)
,
q − 1
k
)
.
Therefore the total number of choices in Step 3 is
∏
0ik−1
(
k,
q − 1
k
(i,k)
)
h
((
k
(i,k)
,
q − 1
k
)
,
q − 1
k
)
=
∏
d|k
[(
k,
q − 1
k
d
)
h
((
k
d
,
q − 1
k
)
,
q − 1
k
)]φ( kd )
=
∏
d|k
[(
k,
q − 1
d
)
h
((
d,
q − 1
k
)
,
q − 1
k
)]φ(d)
.
Thus
|Aq,k| =
∏
d|k
[(
k,
q − 1
d
)
h
((
d,
q − 1
k
)
,
q − 1
k
)]φ(d)
φ(d)!.
Denote the function in (3.1) by F f , where f : Zk → Zq−1, f (i) = ai . Let F = { f : Zk →
Zq−1: ( f (0), . . . , f (k − 1)) ∈ Aq,k}. Then G := {F f : f ∈ F} is a subgroup of the symmetric group
Sym(Fq). The composition in G is given by
F g ◦ F f = Fh,
where
h(i) = f (i)g(i f (i)), i ∈ Zk,
and f (i) is the image of f (i) in Zk .
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1
k (q − 1)}, where α is a primitive element of Fq such that ω = α
1
k (q−1) . For a,a′ ∈ Zq−1, we have
xa = xa′ for all x ∈ θ−1(ω j)
⇔ (a − a′)( j + kl) ≡ 0 (mod q − 1) for all 0 l < 1
k
(q − 1)
⇔ (a − a′) j ≡ (a − a′)k ≡ 0 (mod q − 1)
⇔ (a − a′)( j,k) ≡ 0 (mod q − 1)
⇔ a − a′ ≡ 0
(
mod
q − 1
( j,k)
)
.
It is clear that the mapping
F → G
f → F f
is
∏k−1
j=0( j,k) to 1. Thus
|G| = |F |∏k−1
j=0( j,k)
= |Aq,k|∏
d|k dφ(k/d)
= |Aq,k|∏
d|k( kd )φ(d)
=
∏
d|k
[(
d,
q − 1
k
)
h
((
d,
q − 1
k
)
,
q − 1
k
)]φ(d)
φ(d)!.
In Theorem 3.1, one can replace each xai with cixai , where ci ∈ F∗q is a kth power. The following
theorem offers a more substantial extension of Theorem 3.1.
Theorem 3.3. Let q,k,ω,a0, . . . ,ak−1 be as in Theorem 3.1. For each 0 i  k−1, let ri be a power of p such
that k | ri − 1 and bi ∈ F∗q such that (−bi)
q−1
k = ωiai . Then
F (x) = 1
k
k−1∑
i=0
[
ω−0i xa0
(
xa0 + b0
)r0−1 + · · · +ω−(k−1)i xak−1(xak−1 + bk−1)rk−1−1]x ik (q−1) (3.2)
is a PP of Fq.
Proof. Let θ(x) = x 1k (q−1) , f i(x) = xai (xai + bi)ri−1, 0 i  k− 1. By the proof of Theorem 3.1, we have
f i(θ−1(ωi)) ∩ f j(θ−1(ω j)) = ∅ for 0  i < j  k − 1. It remains to show that f i is 1–1 on θ−1(ωi).
Assume to the contrary that there exist x, y ∈ θ−1(ωi), x = y, such that
xai
(
xai + bi
)ri−1 = yai (yai + bi)ri−1.
Write r = ri , u = xaibi , v =
yai
bi
. Then we have
u(u + 1)r−1 = v(v + 1)r−1.
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(v + 1)u(u + 1)r − (u + 1)v(v + 1)r = 0.
The left side of the above equation equals
(u − v)(v + 1)[u(u − v)r−1 + (v + 1)r−1].
Note that v + 1 = 0 since otherwise, yaibi = v = −1, which implies that (−bi)
q−1
k = (yai ) q−1k =
(y
q−1
k )ai = ωiai , which is a contradiction. (This is perhaps an overkill. Since u = v , we may assume
that one of u and v , say v , is not −1.) Now we have
u(u − v)r−1 + (v + 1)r−1 = 0,
i.e.,
−u =
(
v + 1
u − v
)r−1
.
It follows that
(
− x
ai
bi
) q−1
k = (−u) q−1k =
(
v + 1
u − v
)(r−1) q−1k = 1.
Thus (−bi) q−1k = (x q−1k )ai = ωiai , which is a contradiction. 
Remark.
(i) In Theorem 3.1, let q be odd, k = 2, a0 = t + l, a1 = l, where gcd(l,q − 1) = 1 and gcd(t + l,
1
2 (q − 1)) = 1. The result is [15, Theorem 8].
(ii) In Theorem 3.1, let q be a power of a prime p with 3 | q− 1. Let k = 3, a0 = 1, a1 = 3+ 23 (q− 1),
a2 = p + 13 (q − 1), and assume that p ≡ 1 (mod 3) and q ≡ 4 (mod 9), or p ≡ 2 (mod 3) and
q ≡ 7 (mod 9). The result is [15, Theorem 9].
(iii) In Theorem 3.1 let q be a power of a prime p such that q ≡ 1 (mod 9). Let k = 3, a0 = 1, a1 =
pi + 23 (q − 1), a2 = p + 13 (q − 1), and assume pi−1 ≡ 1 (mod 3). The result is [15, Theorem 10].
(iv) In Theorem 3.1, let q be a power of a prime p with p ≡ 1 (mod k), q ≡ 1 (mod k2), and let
ai = pi − q−1k , 0 i  k − 1. The result is [15, Theorem 11].
(v) In Theorem 3.3, let q = 3n , n even, k = 2, a0 = 3, r0 = 1, a1 = 1, r1 = 3, b1 = 1. The result is [10,
Theorem 2.1].
(vi) In Theorem 3.3, let q = 3n , k = 2, a0 = t , where gcd(t, 12 (q − 1)) = 1, r0 = 1, a1 = 1, r1 = 3,
b1 = − , where  is a square of F∗q . The result is [15, Proposition 1].
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